Humboldt-Universitit zu Berlin
Institut fiir Mathematik
Wintersemester 2011/2012

Peetre's Theorem

Bodo Graumann

April 3, 2014
Contents
1 Basics 2
2 Peetre's Theorem 5
References 7
©@@®® This document was published on http://bodograumann.de/studium. It is pro-

XHIEX

vided under the Creative Commons Attribution-ShareAlike 3.0 Unported
(CC BY-SA 3.0) license.

The code was written in gvim with the help of vim-latex and compiled with
xelatex, all on Gentoo Linux. Thanks to the free software community and to
the fellow TgX users on TgX.SX for their great help and advice.

If you want to make any comments or suggest corrections to this script, please con-
tact me! You can either email me directly or use the contact form on my website.


http://www.hu-berlin.de
http://www.math.hu-berlin.de
http://bodograumann.de/studium
http://creativecommons.org/licenses/by-sa/3.0
http://creativecommons.org/licenses/by-sa/3.0
http://www.vim.org
http://vim-latex.sourceforge.net
http://scripts.sil.org/xetex
http://www.gentoo.org
http://tex.stackexchange.org

PEETRE’s Theorem 1 Basics Page 2

In 1959 JAAK PEETRE first published his astonishing result, that any local (i.e. support-non-
increasing) operator is a differential operator, [Pee59]. Unfortunately his proof contained an error
and so in 1960 he had to publish a correction, [Pee60]. There, instead of just patching the error of
the previous paper, he proposed a more general version of his theorem using distribution theory.
We will take this second approach as it seems more natural. So before we can proof PEETRE’s
Theorem we need to introduce the necessary results of distribution theory. Most of those are
taken from [H690]. For a more abstract context [RR73] is a good source.

1 Basics

Choose any open set 2 C R" and a field K € {R, C}.

Definition: ‘““Test functions”
Let U C £, then we define
DWU):={ fe C®(2,K) | U D supp f compact }

and call these functions test functions with support in U.
For compact U = K, we take on D(K) the topology defined by the semi-normes:

I/l km:= sup |D*f(x)
|la|<m
xeK

for m € N and « denoting a multi-index. Then || f |l g, < [/ Ik ms1-

Now we choose the topology on D(£2) as the inductive limit under the inclusions D(K) —
D(£2), K C £ compact. It is the coarsest topology which induces a finer topology on D(K)
than the given one or in other words the topology under which an operator is continuous iff its
restriction to every D(K) is continuous.

Definition: ‘“Distribution”

The continuous dual space of D(£2) under this topology is called the space of distributions on
0 and denoted by D'(£).
On that space in turn, we put the weak*-topology, i.e. the topology induced by the semi-norms

IFll;:=1FNl  feDE)

On every D'(U) we can also consider the (not necessarily finite) operator norms

| ()l
rep) 1 f Iy

I, =

Then we have || F||;,,, > | Fll; ., and
Veompact K, F € D' (K)Imyg € N: ||F||’KmK < o0 (1-1)

This (smallest possible) m is called the order of the distribution F on K.
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Definition: “Tensor Product”
Let U; ¢ R", i = 1,2 open, then we define: For any f; € C(U,) their tensor product f| ®
f2:C(U; x U,) is

(f1 ® f2)(x1,x): = f1(x1) f(x7)

Theorem: SCHWARTZ Kernel Theorem
The equation

K()(f) = k(f ® &), J€DU).g € DU, 4.1

defines a bijective relation between distributions k € D'(U; X U,) and continuous linear maps
K: D(Uz) g D’(Ul)
Compare [H690, 5.2.1, 128ff]

Remark:

What we are actually interested in, are the distributions with compact support. They can in
a natural way be seen as the continuous functionals on the space £(£2). This space is C*(£2)
with the topology given by the semi-norms ||-|| ¢ ,,, K C £ compact and m € N. Notice that the
induced topology on D(£2) as a topological subspace of £(£2) is coarser than the one above. Thus
D'(2) > { FeD'(Q) | supp F compact } ~ £'(9). The extension of a distribution F € D’(£2)
with compact support to functions without compact support can be done by using appropriate
cut-off functions.

Theorem:
Let F € £ (£2) with order at most m and ¢ € C’"“(.Q) such that
Vx € supp F, |a] < m: D*¢p(x) =0

then already F(¢) = 0, i.e. a distribution with compact support and order m only depends on the
derivatives up to order m.
Compare [H690, 2.3.3, 46]

Proof (6) We accept at this point, that there are cut-off functions y, € D(£2) with y, =1 ona
open neighbourhood of supp F and y, = 0 on the complement of

M, = suppu+ B,

denoting the standard e-Ball by B, and + for element-wise addition. These y, can also be chosen
in such a way, that

Va, |a| < m:|D%y,| < Ce™lol

holds. (See [H590, 1.4.1, 25])
Now on supp F we have ¢ = ¢y, and so u(¢) = u(¢y,). Thus the following estimate holds:

|[F@)| < C; Y sup| D (px)l < Cy ) sup | D“GlI1D? x| < C; Y el sup | D¢

lal<m la|+[Bl<m lal<m M,

Bodo Graumann



PEETRE’s Theorem 1 Basics Page 4

To complete the proof we will show that under the given preconditions

Va, || < m:lim ! sup | D%¢| = 0
=0 M,

For |a| = m this follows because Vx € M,: dist(x, supp F) < &, D*¢ is uniformly continuous
and vanishes on supp F.
For |a| < m,y € M, and x € supp F s.t. [x — y| < e Taylor’s formula gives us:

a 1 i m—|a| a —
[D*$p(y)| < = lap! I(dz) (D*P)(x +1(y — x))|

as all derivatives of order lower than m of ¢ vanish at y = x.

According to the chain rule the differentiation wrt ¢ yields a sum of products of (y — x)™~ %l
and some m-th order derivative of ¢. So because |x — y| < € and the derivatives of order m of ¢
are continuous and vanish on supp F, so the claim is proven for any a.

Theorem: Splitting variables

Regard R" as R™ x R" and thus x = (x,, x,). If now the support of a distribution F € D’ (£)
of order m is contained in the subspace {0} X R™ F has the form

F$) = ), Fud,)

|a|<m

with certain distributions F,, in x, having compact support and
Po(x2) = Dg] ¢(x1,x2)|x -0
=

Notice that this can be done using any linear subspace and some complement.
Compare [H690, 2.3.5, 47f]

Proof (7) Let ¢p € D(£2), then we can compute its Taylor expansion in x; as

. X
B(x) = lEmD $(0, xy)— + r(x)
a,=0

where the multi-index is split as @ = (@, a,) just like the space itself.

Here D*r(x) = 0 when x; = O as long as |a| < k. So the conditions of Theorem 6 are fulfilled
and so F(r) = 0. Also we have

Xy
Fi(¢) = F¢(x2)—)
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8 Theorem: Diagonal support

The kernel k of a continuous map K: D(U) — D’ (U) is supported in the diagonal iff it has the
form

K(H =) a,Df
4
for a, € D’ (U) and this sum is locally finite.
Compare [H690, 5.2.3, 131]
Proof (8) If K has the given form, the kernel is
K@) = Y a, Dy )| _,

a

because it meets Equation 4.1. This kernel is certainly supported in the diagonal.
If on the other hand K is given with a kernel k£ which is supported in the diagonal, we can
apply Theorem 7 and get the above form for the kernel with a locally finite sum.

2 Peetre's Theorem

Let Pe€ L(D(£2), D’ (£2)) not necessarily continuous, with the locality property:

supp Pf C supp f Vfe D) (2-1)
Define also:
, [V
jm,x);=inf < jEN|IUD x: sup ——— < ©
repwy ISl

9 Definition: “Point of Continuity”

We say that x € €2 is a point of continuity of P iff there is a neighbourhood U 3 x such that
P|p) 1s continuous. Otherwise it is a point of discontinuity. The set of points of discontinuity
let us denote by A. Then for x € A and all m we have j = co and for x & A there is a m such that
Jj < oo.

10 Lemma:
A is a discrete set and the function j(m, -) is locally bounded on £2 \ A for m sufficiently big.

Proof (10) It is enough to show that there is no sequence of pairwise different points (x;);cy.
x; € K compact and sequences (j;), (m;) diverging to +co with j; < j(m;, x;). Assume such
sequences are given, then we can can find disjoint K; 3 x; and functions f; € D(K;) with

1Al =27 A P, 22

Now define f(x) = f;(x) for x € K; and f(x) = O otherwise. Then Pf = Pf; in K; and so we
get

1Pf s, > NP, > 2

for every i which is contradiction to Equation 1-1
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11 Theorem: (PEETRE)

For any such local P as defined above there is a locally finitely supported family of distributions
{a”}, unique on 2 \ A, such that

Vf € D(&): supp(Pf — ) a“D"f) C A

Proof (11) According to Lemma 10 there are j,m € N such that for any x, € €2\ A there is a
neighbourhood U of x; with

[Pf(@] < CllfN;lgll

For all f,g € D(U) and some fixed constant C. Thus SCHWARTZ Kernel Theorem says, that
there is a distribution p € D' (U x U) (called the kernel of P) with

Pf(g)=p(f®g)

Because of Equation 2-1 p is supported in the diagonal D of UXU . In consequence we can apply
Theorem 8: For all A € D(U x U) we have

Pf=Y a,D"f

with g, distributions in D’(U) and a multi-indices up to a certain order.

By considering a slightly smaller set U C U and choosing f constant to 1 on U, we get
ay = Pf. Similar formulas hold for all a, when choosing the monomials x*. Thus all g, are
uniquely determined only by P.

Finally the formula can be extended from the U to all of £\ A by choosing a locally finite
refinement and taking a subordinate partition of unity.

12 Corollary:
If H ¢ D’'(£) is a subspace which is closed under multiplication with D(£2)-functions and
im P C H, than the g, can be chosen to lie in H.
In particular H can be chosen to be the embedding of D(£) in D’ (£) and the theorem then
says, that every local morphism of the sheaf D(2) is a differential operator.

13 Remark:
The theorem can be applied to local linear operators between sections of vector bundles by
choosing local trivializations.
Further generalisations of the case H = D(£2) for certain Banach spaces and non-linear oper-
ators can be found in [WD73] and [KMS93, V.19, 176] respectively.
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